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last week we analyzed soft photon

radiation in QED and derived a factorization

theorem

T Hfa Efts

in meggine QED In QCD and massless

QED often also the collinear region is

relevant Factorization then takes the

schematic form
et e
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An important technical tool we

encountered last week is the method

of regions one can obtain the expansion

of loop integrals try

a Expanding the integrand in

different momentum regions

b Integrating over the full momentum

space fddle

c Adding up the different pieces



Sudabou form factor Method of Region

we now apply this technique
to

the simpest example for which

collinear physics plays a role

the sale Ksu form factor Based on

our results we then construct an

effective theory which impreements

the expansion

P2 p j L l j Q p e



Consider expansis P2 L2 cc Q2

For the moment we only consider the

associated Seder integral which reads

1
I foldK
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For the kinematics under consideration

p ol l have large energies smell virtual

To expand around the limit it is useful

to introduce light like reference vectors
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An arbitrary momentum can be

decomposed as

qr n g Ih t ni g t qf
9

two orthogonaldirections
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95 t g t 95

Note that
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Let us introduce an expansion parameter

in Pyar
d is just a book keeping device

Then P2 p p t pi d p



while Cp e e 2 p l a Q

The components of proud l therefore

sale as i

gr n g
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pr n l it 1 X J Q

em f z N X J Q

let us now consider different savings of

the loop momentum
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collinear top ki i f X I X Q
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soft s AZ XZ T2 Q



Expanding the loop integrated in each

region and performing the integrations

all of these regions contribute while

all other scalings kn n f N ab X Q

give scaleless integrals upon expanding

exercise pick a scaling and check

let us perform the expansion of the

integrand in the different regions
At leading power

hard Ktp k t p J T or X
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collinear i f k t p J s f Lt p je fue expansion
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The expanded loop integrals are
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After the expansion these are all single sale

integrals Note that all of them involve

divergences while the original iwtegrel

is finite let's expend in e and add up

The sum is finite and agrees with the

expansion of the original integral

The cancellation is quite nontrivial since

the Iq lens divergences involve different

scales



Effective Lagrangian

we now construct an effectivetheory

along the same lines as in the previous

lecture the expended diagrams are

viewed as effective theory diagrams
We

introduce fields for the different low elegy

regions and construct Left whose Feynman

rules give the diagrams in the different

regions At tree level we can substitute
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in the QED Lagrangian and expand in a



To do so we need to know how the

different components of the fields scale

For the gluon field

co ITE Airx Aird 3107 5,947,4 if E gutsk 3
e
ik x

so typically Am Kh i.e

n As in As A f d d M

n Ao ti Ac Atc f it 1 d

For the soft fermion field
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For collinear fermions the situation is

more complicated

H k n t k in t k

to d d

To separate the different contributions we

split the field

He B t ya Ptl t Rt

with
p 4 j p 4

The fulfill Pt t R I j Pf P

Their ih.phgptz
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we za X Similarly you d

Now that we know how the fields scale we

plug r into the QCD action and get

5 Ss t Se t Se t Ssu t Sae t

p 9
purelysoft s c interactions

The purely sof part 22,4

Ss fd4x its IDs Ys 4 EsauG
T
S X

iq gAsit

was exactly the same form as the usual QED

Lagrangian All terns are of it

Ater the collinear part is a copy of QCD
but we should plug in the decomposition



of the fermion field
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This form is inconvenient gend Ye d2

and the two fields mix To solve this

one shifts

q c o ya Iz
e
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T largemoment

to compete the square This yields
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Then one integrates out the f field This leaves

a determinant detfKz in D This determinant

s trivial To see this note that it is gauge invariant

and manifestly trivial in the gauge in A o

Next let's consider Ssw Getting the

leading power terns is actually quite
simple

because

a 4s is power suppressed compared

to collinear quarks no 4g at Leedy

power

b ii As a vi Ac Ast ca At Only
h Ag n Ac arises at leading power



Taken together these imply that the s c

interactions can be obtained by substituting

AE o Ai t n As

in La The interaction Lagrangian

thus takes the form

Sets fd4x fix n Aix 3ok

gluon terms

Since this term contains collinear fields

and pit pf pd f it I X

vs Xm f l Yy

we can thus perform a derivative expansion

which is the analogue of expending in



the soft momentum e.g
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Hence Taylor series

Sets fate x 3 at x O t x O t

x x

n Ask fer xX X
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WD In s c interactions we must

replace x o at leading power

Multipole expansion



Summary alsocontains Cts
through n D

y
e

t I e t Lets same form as Lo Lets
butwith n in

where

Vector current in SCET

The final piece of the effective theory

is the vector current At leading order

the matching is trivial
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we can sinlify this a bit further

3 zig 3 c
nmE t ri E t get a
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However to perform the matching

property
we should write the most gavel

beading power operator
Since the

momentum component a p of a collinear

field is large

vi d ol e n I QQ

we must allow for operators with arbitrarily

many derivatives



An efficient way of doing so is to use

the identities

fix tin Eo ii Oj pix

and

Sdt Cft Geht
tu I hi05 fix

where a Sdt Cft th

In need of introducing infinitely many

Wilson coefficients on we smear the

field over the light cone with a function

Ct



In a gauge theory we must make

sure that we maintain gouge
invariance

when smearing the operator e.g

when writing

3 ok th U txt tu t 3cm

which is the matrix element defining

parton distribution functions we

need to have a link field U which

connects the two fields at different

points We can use the Wilts line
matrixfield

pathordering
1 t L Aar t

4kt ta x P exp fig fat ri Acht ti



to achieve this Under a collinear

gauge transformation Vdxtexplingata

Udit th X V Ix t ti Ud n Vtix

in SCET one rewrites the

link Ufx on in terms of the object

Wix U Ix x ri

in terms of which we can write

Uf et th X WIX t th wot Cx

Pictorially
We
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Using we we can define the fulding blocks

Xd x WE 3 ok

AI ex WEIDE Wa

which are in variant under gauge transformations

which vanish at infinity

After this long preparation
we are finally

ready to write down the leading power

SCET operator Wilson coefficient

TM o fdsfdt Cuts t X Csn 85Xfthl

At tree level curs t dis 8ft To

understand the meaning of Cv let us



take a matrix element

g rel I Thro Iglp Sdsfdt Crist

vice geht hip e
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Eu neap are yj up

Note that Scot is in variant under the transformed

h o x n in Ya 5 Because of this

the coefficient Eu only depends on

Q2 ne ri p To determine Eu at

one computes
QCD SCET

Q

y Eron Jx
p l

g
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e2 softloopsare
p2 0 seedless



The on shell farmfactor directly corresponds

to Eu
It is now an interesting exercise to verify
that all regions occurring in the diagrammatic

anelysis using the method of regions are

fully reproduced by SCET This is indeed

the case see 1410 I 892
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Decoupling transformation factorization

Next we'll proceed as in the QED ease

we'll perform a field redefinition
multipole expansion

o

Suk 3 ex

Ai Six A t six

with the soft Wilson line

Surx P exp ig dsh As Ix tsh

y
matrix Ai.tl

path ordering for
the matrices

The result is the same as for the QED

case the soft field decouples from



the leading power Lets i

3 ein DE Sc 3 I in.DE z

Also again as in the QED example the soft

Wilson lines appear in the operator i

TM o fdsfdt Cuts t

o x

X Csn Stray sin X Hit

1

X ii I
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After the decoupling the 3 different

fields no longer interact we have

factorized the Sudakou form factor



Schematically
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Unfortunately we don't have time

to discuss applications of SCET

beyond the Sudakou form feet or however

the cudgeris of the vector farm factor

arms the basis of many applications e.g



e
gm

Event shapes in 2 jet

production e.g thrust

process

E GE riff Ife X near

threshold

Deep Inelastic Scattering
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